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Local topological markers appear to be a powerful tool in the studies of topological matter allowing
to treat inhomogeneous systems. To the best of our knowledge no local marker for interacting
matter itself, without a reference non-interacting system have been proposed to date. In this letter
we suggest a possible many-body local marker based on the single-particle Green’s functions. In the
limit of translation-invariant system our marker is equivalent to the Ishikawa Matsuyama invariant.
In the limit of vanishing interactions it passes to the local Chern marker. Importantly, our proposal
can be readily used in the non-equilibrium in contrast with the topological Hamiltonian based
approaches to the problem.
I. INTRODUCTION
Since the discovery of topological characteristics of in-
sulators in the context of non-interacting translation-
invariant systems by Thouless at el. [1] a substantial ef-
fort has been made to generalize these concepts to more
complex settings.. Some notable attempts include:
• Nie et al. on many-body systems subject to twisted
boundary conditions [2, 3].
• Ishikawa and Matsuyama on many-body translation-
ally invariant systems [4] (with hints of a possible
extension to include disorder)
• Bellisard’s consideration of disordered, non-
interacting systems [5] and Kitaev’s real-space
invariant suggested in Appendix C of [6]
Recently local markers, namely the local chern marker
[7] and the Bott index [8], have become popular tools in
the study of topological matter. Characterising topology in
real space, these markers are applicable to inhomogeneous
systems with an ill-defined Brillouin Zone (BZ). Moreover,
having a quasi-local nature, they can be used for systems
with an interface between insulators of different topolog-
ical characteristic. The markers have been used to char-
acterise topological phases in confined [9], disordered [8],
quasi-crystalline [10, 11], amorphous [12] and driven sys-
tems [13].
Recent attempts to extend the notion of a local Chern
marker to systems with many-body interactions include
[14, 15]. To this end, it was proposed to use effective non-
interacting topological Hamiltonians [16]. This approach
seems to be not applicable to systems out of equilibrium.
To the best of our knowledge no local topological marker
addressing a many-body themselves have been proposed to
date.
In this letter we propose a possible local topological
marker for interacting systems. Being expressed in terms
of the single particle Green’s functions it is suitable for nu-
merical calculations with standard many-body techniques,
e.g. exact diagonalization (ED) of small clusters or based
on dynamical mean field theory (DMFT) [17] and its ex-
tensions [18] schemes suitable for inhomogeneous systems
[19, 20]. Our marker serves for systems without symmetries
in terms of ten-fold classification [21], but the generaliza-
tion to the SPT phases seems to be rather straightforward
following the lines of Ref. [22].
The manuscript is organized as follows: in the first sec-
tion we briefly discuss the Ishikawa-Matsuyama invariant
which serves as the starting point of our approach. Then,
in the second section we introduce our marker and review
some of its properties. Thereafter, we test the marker in
a simple non-interacting model for a Chern insulator. We
conclude with a comparison of our marker with the usage
of the topological Hamiltonian approach.
II. REVIEW OF TOPOLOGICAL INVARIANTS
FOR INTERACTING TOPOLOGICAL
INSULATORS
Niu et al. [2, 3] and Avron [23] made first independent
attempts to generalise the newborn concept of topologi-
cal characteristics of matter to interacting systems. They
share a similar approach rooted in the work by Laughlin
[24]. In the spirit of the original argument they consid-
ered additional fluxes penetrating a 2d system and demon-
strated that the phase accumulated during a cyclic adia-
batic evolution of a system is quantised and related to the
integer/fractional Hall conductivity as long as the system
remains gapped during the cycle.
Another topological invariant for transitionally-invariant
systems with interactions was suggested in [4]. The au-
thors harnessed the gauge invariance - arguably the most
important quality of the systems with quantized Hall con-
ductivity - in yet another way. Using the Ward-Takahashi
identity, they managed to express the Hall conductivity for
the case of non-degenerate GS in terms of the single-particle
Greens functions only:
C =
1
24pi2
αβγ
∫
d3k Tr(G∂kαG
−1G∂kβG
−1G∂kγG
−1)
(1)
where αβγ is the totally-antisymmetric tensor, G is the
Matsubara Green’s functions, the trace is taken over inter-
nal (e.g. orbital or spin) degrees of freedom and the con-
vention k0=̂iω (iω is continuous Matsubara frequency) was
used in order to obtain this symmetric form with respect
to frequency and momentum variables. .
The formula 1 can be understood as a topological in-
variant of a map G(iω, k) : T 3 → GL(N,C) from the
momentum-frequency space to the space of invertible ma-
trices. Loosely speaking it counts the number of times T 3
wraps around the single S3 skeleton of U(N) CW-complex.
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2The invariant in eqn. 1 is not quite as universal as the
many-body Chern number [2]. While it allows one to dis-
tinguish between topological states that have an analog in
non-interacting setting and topologically trivial many-body
ordered phase (like the Mott-insulating phase), it was ar-
gued not to be a good abstraction for inherently many-body
topologically non-trivial phases, such as fractional Hall liq-
uids [25]. Another well-known feature of the invariant 1 is
that it can be changed without the gap closure [26].
Originally proposed for translationally invariant Quan-
tum Hall systems it was later generalized to the symmetry
protected phases [22, 26] and disordered media [22, 27].
The formula allows a nice simplification for practical cal-
culations. It was shown in [16] that as long as G(ω, k) has
no singularities at ω = 0 one can smoothly deform it and
obtain a Green function of a non-interacting model with
the same value of C. The reference non-interacting system
has the following Bloch Hamiltonian:
Hˆt(k) = −G−1(ω = 0,k) = (iωn+µ−εij−Σ(ω = 0,k))−1
(2)
The approach based on the single particle Green’s func-
tions proved its usefulness in the studies of interacting topo-
logical insulators, see the corresponding chapters in the re-
views [28, 29].
III. LOCAL GREEN MARKER
Recently the local markers, characterising topology of a
non-interacting system ”on-site” were suggested[7, 8]. The
Local Chern Marker, was proposed by Bianco and Resta
in [7]. Starting from the k-space TKNN invariant [1], they
formally Fourier transformed it and suggested to charac-
terize the topology of a system without a well defined BZ
locally by a marker:
C(r) = −2pii Trcell〈r| [PxˆP, P yˆP ] |r〉 (3)
Where the trace is taken over the unit cell centred at
the position r. In a similar, rather heuristic fashion, we
propose to start from the formula 1 to obtain a real space
topological marker of the form:
C˜(r) =
2pi
3
αβγImdτTr
(∫ ∏
i
d3riG(r, r2)(r
′
2 − r2)αG−1(r2, r′2)G(r′2, r3)(r′3 − r3)βG−1(r3, r′3)
× G(r′3, r4)(r − r4)G−1(r4, r)
)
eiω0
+
(4)
where r0 refers to imaginary time and the integration is taken over all the spatial-time variables with indices. Using
the fact Giω(r, r
′) = G∗−iω(r
′, r) and expanding the brackets in the formula 4 one can cast the expression to a simpler
form for interacting systems in equilibrium:
C˜(r) = Im
∫
d(iω)Tr
(∑
ri
Giω(r, r1)r
x
1G
−1
iω (r1, r2)r
y
2Giω(r2, r3)∂iωG
−1
iω (r3, r)
)
eiω0
+
(5)
These formulas are our suggestions for the local marker.
Our marker which we call local Green marker (LGM) shares
many similarities with the LCM. In an extended bulk LGM
approaches to a known topological invariant. It has a quasi-
local nature due to exponential decay of the correlators
with distance in a gapped phase. Also one can demon-
strate that the sum of its values eqn. 5 over the whole
lattice vanishes. One way to prove it is to return the term
containing x and y in the different order, and express it as
the transposed first term. As long as Tr(A) = Tr(AT ) this
renders
∑
r C˜(r) = 0. On the one hand, the last property
limits the usage of the invariant 5 in the periodic geometry.
On the other, this simplifies consideration of its currents in
the same way as in the case of LCM [13]. Finally, they are
equivalent in the limit of vanishing interactions as one can
show using the residue theorem.
IV. CHERN INSULATOR INTERFACE AND LGM
As a simple test for our proposal in practise we applied
LGM to an interface between two non-interacting systems.
The model we chose is Qi-Wu-Zhang (QWZ) Chern insu-
lator proposed in Ref. [30]. In real space its Hamiltonian
can be written as:
Hˆ = −
∑
i
(
(σz + iσx)
αβ
2
c†i+1x,αci,β + h.c.
)
+
∑
i
(
(σz + iσy)
αβ
2
c†i+1y,αci,β + h.c.
)
(6)
+
∑
i
σαβz c
†
i,αci,β
where the Pauli matrices act in the two-level orbital sub-
space. The model features with non-trivial topological in-
sulating phases when the staggered on-site potential u be-
longs to (−2, 2)/{0}. Corresponding band structure for a
translationally invariant lattice on torus is presented in Fig.
1.
We calculated LGM for a finite lattice with two halves
being in different topological phases. Specifically we set
u to a topologically trivial value (u = 2.5) for rx > 15
and put u = 1 overwise. As a result the left part of the
system would be topological. In the non-interacting case
3FIG. 1: Bands in the QWZ model for several values of u.
When u ∈ (0, 2) the Chern number equals 1.
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FIG. 2: LGM for a lattice of 30× 10 sites.
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FIG. 3: Comparison of the LGM and LCM. The section is
taken over y = 5 for a lattice 30× 10
the expression for the LGM simplifies to:
C˜(r) = Im
∫
d(iω)Tr
∑
ri
Giω(r, r1)r
x
1
×G−1iω (r1, r2)ry2Giω(r2, r) (7)
The results of its calculations are presented on the figures
Fig.2 3.
A direct comparison of the two markers LGM and LCM
is demonstrated on the Fig.3. Numerically they almost
coincide. Practically, LGM fastly converges in the bulk
and slowly approaches to LCM at the edges as the number
of Matsubara taken grows.
V. CONCLUSIONS AND OUTLOOK
We proposed a topological marker for interacting systems
without the usage of a reference non-interacting Hamilto-
nian. It passed a simple test in a non-interacting model
for a Chern insulator. At the best of our knowledge such a
marker has not been proposed previously.
From the numerical perspective our invariant is harder to
calculate than LCM obtained from the topological Hamilto-
nian as it was done in Refs. [14, 15]. Our proposal includes
the summation over the Matsubara frequencies which im-
poses additional requirements on numerical schemes to use.
However, our proposal seems to us attractive for sev-
eral reasons. First, based on the topological Hamiltonian
approach calculations of a quantity having quazi-topological
nature, as LCM, seems to us not fully justified. Second, our
approach extends the applicability of topological markers
to the systems with zeros at iω = 0. For instance, to these
which have a nontrivial frequency-domain winding number
[31], although such exotic phases is of unproved relevance
for the field of topological matter [29]. Lastly, but the most
importantly, our approach allows to study Local Topologi-
cal Markers in non-stationary settings for instance for Flo-
quet topological matter. While for adiabatic evolution, the
usage of topological Hamiltonian can be put on the solid
grounds, for a fast dynamics it looks not applicable. At the
same time our approach gives the quantity to work with in
Keldysh formalism [32].
Let us briefly discuss several possible future directions
for work. Our invariant is to be tested in a real many-body
system numerically. Another important direction for stud-
ies is revealing its possible topological nature. In the case
of LCM at can be done with the usage of the Bott index [8].
We hope that some more mathematically rigour consider-
ation is possible in the case of LGM as well. Finally, we
believe our marker to be very attractive to study in driven
systems.
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